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M336 ISOMETRY TOOLKIT 


Composites 

t{p] t[q] = t[p + q]. (1) 

r[ 0 ] r[<j>] s r{6 + ©]. ( 2 ) 

q { 6 ] 5(6] = r[2(0 - <£>)]. (3) 

r(01 g [o] = q [ a > + §0]. (4) 

ff[®] r Pl = «[© ~ 3 0 ]- (5) 


If / is any isometry fixing the origin. 

/ *[p] = *[/(p)J /; ( 6 ) 

that is. 

r[«] t[p] = t[r[ 0 ](p)j r[ 0 ], ( 6 a) 

q\e) t[p] = t[?( 0 )(p)] q{S}. ( 6 b) 


r[c. 6) = t[cj r[ 0 ] t[—c] ( 7 ) 

= t[d] r[0], where d = c - r[0](c). (Figure A) ( 8 ) 

In particular. 

r [e,ir] as t[ 2 c] r[w]. (Figure B) ( 9 ) 



Figure A 



9 i c - 6\ as tic] q{0] tf-cj 


( 10 ) 

= t[d] q[6], where d=c - 9 ( 0 ] (c). 

In particular, when c is perpendicular to the reflection axis, 

(Figure C) 

( 11 ) 

g[c, 0 ] = t[ 2 c] g[ 0 ]. 

(Figure D) 

( 12 ) 




Figure D 
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9l’g. c. 0] = t[g 4- c] q[$\ t[-c] 

(13) 

= f[d] q[0],- where d = g + c - ?[0](c). 

(14) 

In particular, when c is perpendicular to the reflection axis, 
ql£’c, 0] = t(g -r 2c] q[0J. 

(15) 


Inverses 

(tfp])- 1 

= f[-p). 

(16) 

m- 1 

= r[— 6] = r[ 2tt - 0]. 

(17) 

fowr 1 

- #)• 

(18) 

('M )” 1 

= r[c, —0] = r[c, 2 jt — 0]. 

(19) 

(v[c, 0]) —1 

= g[c,0]. 

(20) 

(9tg.c,0]) _1 

= q[-g,c,0j. 

(21) 


Conversion to explicit form 

Let p = ( u , v). 


To convert t[p] r[0] to explicit form, use 

*[p] t[9] : (x,y) •-* (xcos0 — ysin0 +u,xsin0 + ycos0 + v), 
or alternatively 


To convert t[p] q[6] to explicit form, use 

t[p] $[0]: (x, y) >-♦ (x cos 20 + y sin 20 4- u, x sin 26 — y cos 20 + v), 
or alternatively 


*(P] 


Ml] 


cos20 sin20l fil 
sin20 —cos20J [yj + 


[:]■ 


To convert r[c, 0] to explicit form, use Equation 8 then Equation 22. 

To convert q[c,0] to explicit form, use Equation 11 then Equation 23. 
To convert q[g, c, 0] to explicit form, use Equation 14 then Equation 23. 


( 22 ) 

(22a) 

(23) 

(23a) 



